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Abstract 
Higher-dimensional orthogonal designs of type (l,l)n are used to obtain higher-dimensional weighing 
matrices of type (q)n, side q+l and propriety (2,2,...,2) for q = l(mod 4) a prime power. Next, n-dimensional 
orthogonal designs of type (l,l,l,l)n, side 4 and propriety (2,2, ...,2) are constructed. These are then used to 
show that higher-dimensional Hadamard matrices of order (4t)t exist whenever t is the side of 
4-Williamson matrices. This establishes the existence of higher-dimensional Hadamard matrices of order 
(4t) t for t odd, 1 ≤ t ≤ 33 and several infinite families, all of propriety (2,2,...,2). Finally, we establish that if 
there is an Hadamard matrix that can be obtained from a group difference set with parameters (4s 2, 
2s2±s, s2±s) then there is a higher-dimensional Hadamard matrix of order (4s2)n. 
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HICHER-DU1ENSIONAL ORTHOGONAL DESIGNS AND HADAMARD MATRICES II 
Joseph Hammer and Jennifer Seberry 
University of Sydney 
Abstract: Higher-dimensional orthogonal designs of type {l.l)n are 
used to obtain higher-dimensional weighing matrices of type (q)n. side 
q+l and propriety (2.2 •••• ,2) for q = l(mod 4) a prime power. Next. 
a-dimensional orthogonal designs of type (l.l,l,l)n, side 4 and propriety 
(2,2, ••• ,2) are constructed. These are then used to show that higher-
dimensional Hadamard matrices of order (4t)t exist whenever t is the 
side of 4-Williamson matrices. This establishes the existence of higher-
dimensional Hadamard matrices of order (4t) t for todd. 1 ,; t ,; 33 and 
several infinite families. all of propriety (2.2 ••••• 2). Finally, we 
establish that if there is an Hadamard matrix that can be obtained from a 
group difference set with parameters (4s 2 , 2s2±s. s2±s) then there is a 
higher-dimensional Hadamard matrix of order (4s2)n. 
PROC. NINTH MANITOBA COh~ERENCE ON 
NUMERICAL MATH. AND COMPUTING, 1979, pp. 23-29. 
Introduction 
In [2) it is pointed out that it is possible to define orthogonality 
for higher dimensional matrices in many ways, 
Intuitively we see that each two-dimensional matrix within the 
n-dimensional matrix could have orthogonal row vectors (we call this 




AJ and ,j 
" 2, 
T 
could have A,B = tr(AB ) = .el'£.l + .e2'£.2 + .. , + .et'£.t = 0 (note if tbe 
row vectors in this direction had been orthogonal we would have had !i'£i 
o for each i) eve call this propriety ( •••• 3 •••• »); or perhaps each pair 
~f three-dimensional layers 
a , 
could have ~·S = AI'BI + .,. + At'Bt - 0 (note that if the 2-dimensional 
matrices had been orthogonal we would have had Aj'B
j 
= 0 for each j); and 
so on. 
We sayan n-dimensional matrix is orthogonal of propriety (dl ••••• d
n
) 
with 2 ,.;; d
i 
,.;; n where d
i 
indicates that in the i th direction (i.e the ith 
st th st st.. 
coordinate) the di-l • d
i 
• di+l , •••• (n-l) d1.mens1.onal layers are 
orthogonal but the d
i
_2nd layer is not orthogonal, d
i 
= ~ means not even 
" the (n-l) layers are orthogonal. 
" 
The Paley cube of size (q+1:)n constructed in [2J for q = 3 (mod 4) 
a prime power has propriety (~.~ •••• ,~) but if the 2-dimensional layer of 
all ones is removed in one direction the remaining n-dimensional matrix 
has all 2-dimensional layers in that direction orthogonal. 




), side d and type (sl'8
2 
•••• ,St)ll on the commuting variables 
x1,x2 ••..• x t has entries from the set {O.±x1 ••••• ±x1 ••••• ±x t } where ±xi 
occurs 8
i 
times in each row and column of each 2-dimensional layer and in 
which each e.-dimensional layer. d.-I,; e
J 
s; n-1, in the ith direction is 
J ' 
orthogonal. 
Shlicta [3] found n-dimensional Hadamard matrices of size CZt)n 
and propriety (2.2 ••••• 2). In [2J the concept of higher dimensional m-
suitable matrices was introduced to shov that if t is the side of 4-
Williamson matrices there is a 3-dimeusional Hadamard matrix of size (4t)3 
and propriety (2.2.2). In [4J it is shown that there are n-dimensional 
orthogonal designs of type (2t.2t)n. side 2t. t ~ 0 and propriety 
(2.2 ••••• 2). 
The results of [4J and [2J can be combined to give 
THEORE..'1 1. When q = l(mod 4) is a prime p011el", there exist higher-
!:i:(q+1) nd . dimensional orthogonal designs of oY'd8r (q) a pY'Opr~ety (2.2, •••• 2). 
The equivalenee relations 





each variable is replaced throughout by its negative; 
rearrangement of the parallel k-dimensional hyper-planes 
(for the (1.1.1,1)2 design this is the rows and/or columns, 
for the (1.1.1.1)3 design this is the parallel planes); 
multiplication of every variable of one entire k-dimensional 
hyper-plane by -1. 
There are exactly two inequivalent (1,1.1.1)2 designs of order 4 
on the variables a,b,c,d. They are 
" 
[





A little checking Sh01Y'$ that a (l,1.1.1)3 design can be obtained with 
either I or II as the front face. The design in the figure at the end 
of the paper has faces from equivalence class II. 
n 
Tha (1,1,1.1) desian 







,ei ~j o for all i " j. 
,low we can describe the faces of the (1,1,1,1)3 design given in 
Figure 4a of Hammer and Seberry [2J, in one direction as: 
r -
r "3- 1_:21 -a ! .@.4 -1 : .@.) hT -a hT bT -a -4 
i-::J 
-2 , • 
1 '2 
-3 ", -2 -1 '3 
'1 
-a "4 -2 
oc , 
£4 '4 "3 '" "'1 £3i '3 -a ", -a • -4 -2 h ' "2 -a -a .@.) 1 l ~:! -1 -4 -a -a "3 "41 -1 -2 
16 
Now there are two inequivalent 2-dimensional (1,1,1,1) orthogonal 
designs but both of these can he completed to give a (1,1,1,1)3 design. 
3 
Thus we have a (1,1,1,1) design on the commuting variables i!1'.!!2,i!;3,i1;4 
4 and hence a (1,1,1,1) design On the variables a,b,c,d. 
3 The orthogonality within the (1,1,1,1) design is established by 
construction. The orthogonality of the (1,1,1,1)4 design is obtained by 
using the extra property that!i i!j ~ 0 for all i I j. 
To obtain the (l,l,l,1)k+1 design we assume the existence of the 
(1,1,1,1)j design for every j ,; k made by the constl:"uction. Now we have 
by construction a (l,l,l,l)k design whose hyper-l:"ows, c., i = 1,2,],4 
~ k-l 
comprise objects which are the hyper-rows of the (1,1,1,1) design. We 
now write down the hyper-rows of each of the four hyper-planes containing 
these rows as the columns of a 4 x 4 matrix, D. By the construction D is 
an orthogonal design of type (1,1,1,1) whose objects are the c i • We now 
complete D to form a (1,1,1,1)3 design, E, with objects c
i
• Nm" E is a 
(l,l,1,1)k+1 design whose orthogonality is guaranteed by the existence 
1!sswnption. 
In fact at all stages of the construction propriety was completely 
preserved. Hence we have shown 
THEOREM 2. There exist higher-dimensional ortlwgonal desi(Jfls of type 
(1,l,1,1)n and side 4 for every dimension n ;" 0 with propriety (2,2, •.. ,2) 
Using the results of [2J, we can now say 
COROLLARY 3. Let t be the order of 4-wiUiamson matrioes. Then there 
is a higher-dimensional Hadamard matrix of order (4t) t. In partioular 
there are higher-dimensional Hadamard matriees of ordEr (4t)t lor an odd 
t < 100 exeept possibly 35, 39, 47, 53, 59, 65, 67, 71, 73, 77, 83, 89. 
ALL these matrioes have propriety (2,2, .•• 2) 
n-dimensional Hadamard matrices from difference sets 
Let H ~ (h
ij
) be any Hadamard matrix of side 
defined by a function of the form 
h
ij 
y(a(i) + a(j)), 
where a is 1:1 and onto, so that 
27 
h which can be 







Example; Any Hadamard ~trix that can be obtained from abelian group 
difference set is of this form. 
THEonE.'! 4. Let H '"' (hij ) of side h be an Hadmnard matri:c of the 
type described above. 
by 
Define G = (g ) of side h and dimension n 
pqr ••• 8 
gpqr ••• rs h p+q+r+ .•• +t, s. 
Then G is a propel' Hadamard matrix of' side h and dimension n. 
Proof. We need to show any 2-dimensional face is an Hadamard matrix. 
We let the cth coordinate have two fixed v>!.lues a and b and let the 
dth coordinate take the values i'"' 1 ••••• h. We now fix all other 
coordinates and consider 
" ., g b· i pqr ••• a ••• 1 ••• S pqr •••••• ]. •.• t8 
x '"' sum of all subscripts except cth, dth and last 
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The orthogonal design of type (1,1.1.1) 
